Mass Transfer in Laminar-Boundary-Layer Flows with
Finite Interfacial Velocities

In the September, 1960, issue of the
A1.Ch.E. Journal, Andreas Acrivos gave
a new method for predicting mass
transfer rates toward solid surfaces
(1). Some limitations of the method
are given here, an alternate method is
described, and some pertinent analogies
are pointed out.

NUMERICAL COMPARISONS

For forced-convection mass transfer
on arbitrary two-dimensional surfaces,
Acrivos has proposed the formula

Ny, = [(2\]1\”‘)08/2 -+ (nAB<NNu)1)3/2]2/3
(1)

This empirical formula predicts the
local diffusional Nusselt number as a
function of the quantity n., = (W, —
W.,)/(1 — W,). The Nusselt number
(Nwu)o for nys = 0 is presumed known,
and the quantity (Ngw). is given by

U,
(N3u), = ———
VU, dx,

\/ Ng. Ns.
2(1 —_ n/AB) (l + NS::)

Acrivos has shown that the function
(Ny.): reduces asymptotically to the
exact solution for Ny, in the limit as
nay — 1, for all two-dimensional flow
geometries. These equations are for
binary mixtures with positive n.; and
one stagnant (nontransferred) compo-
nent.

Equation (2) is a surprisingly sim-
ple and general result. Its generality
hinges on the fact that boundary-layer
separation can be prevented, on sur-
faces of any shape, by very rapid mass
transfer toward the wall (9). Equation
(1) on the other hand is empirical,
and its limitations have not been fully
stated.

In Table 1, Equation (1) is com-
pared with the exact calculations of
Feyk and the writer (3, 4, 5, §, 10)
for steady laminar flow along a flat
plate. Clearly Equation (1) holds
within = 59, for Ny. near unity, but it
becomes progressively less accurate at
higher values of N;.. Hence Equation
(1) should not be used for liquids.

The inaccuracy of Equation (1) at
large values of N, can be traced in
part to Equation (2). The latter equa-
tion was derived on the assumption of
a large interfacial velocity; hence it
does not provide a useful asymptote

(2)
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for estimating Ny. at large values of
Ns., where the interfacial velocity is
normally small.

A better method of computing Ny.
at high values of Ng, is to use the flat-
plate solutions for Nyu/(Nw)o from
Table 1. More complete tabulations
and plots for this purpose are available
elsewhere (3, 4, 8, 10). In recent cor-
respondence with the writer, Acrivos
(2) has shown that this procedure is
exact in the limit as Ny, — oo for steady
state laminar boundary layers on any
fixed two-dimensional surface, upstream
of the separation point. More recently,
the writer has obtained a correspond-
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The fact that analogies can exist be-
tween heat transfer and diffusional
transfer at high interfacial velocities
(high mass transfer rates) is not men-
tioned by Dr. Acrivos. This fact is im-
portant in the application of his results
and in relating them to the quantita-
tive analogies for high mass transfer
rates that are already known (3, 4, 3,
6, 7, 8, 10). Therefore it is useful to
note that Equations (1) through (6)
of Acrivos™ paper describe an analogous
pure-fluid heat transfer problem (for
example condensation or transpiration
cooling) when the following notational
changes are made:

Notations Notations
in for
diffusion analogous
problem heat transfer
(Reference 1) problem
®—W—W' L — T—T, (3, 4)
CW.— W, -1, 7
A
s Cop
Ny, = = A Npp = —— = Ay
8 pDAB 4B P k
(5, 6)
01 Ny, v, Np,
fapg = — v1=0 = N 120
4 (00/dy,) (o11,/3y,) | "
A
Wm""W; on T,‘—"T,
_ _ oGy (T. — T.) (7,8)
1—WwW, 0

ing proof for three-dimensional flow
(11).

In view of the comparisons and new
developments discussed above, it ap-
pears that a further study of geometri-
cal effects in mass transfer problems is
needed. It is hoped that a more general
method of evaluating Ny. can be found,
which will be consistent with the exact
solutions in Equation (2) and Table 1.

ANALOGIES AT HIGH MASS
TRANSFER RATES

In this discussion, for the sake of
clarity, some special terminology will
be adopted. Mass transfer means any
flow of material through an interface;
this can occur either in a pure fluid
(as in condensation of a pure vapor)
or in a mixture. Diffusional transfer
means the motion of the components
of a mixture through an interface at
unequal velocities. The merits of this
terminology will become clearer as the
discussion proceeds.
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Here it will be noted that the heat
transfer problem includes mass transfer
of the pure fluid through the interface,
since Equation (8) contains the inter-
facial velocity v, (or ti|ve= in dimen-
sionless notation). There is of course
no diffusion in the heat transfer prob-
lem since a pure fluid is being con-
sidered.

When the above substitutions are
made, one finds that the x-momentum
equation is unchanged:

au1 aul dU¢ 621&1
s —— 40 =U —_—
“ 0x, Y ' dx, + oy, ®)
The mass balance is unchanged:
ou, do
+-—=0 (10)
9%, dy,

The diffusion equation is replaced by
the energy equation (with viscous dis-

sipation neglected):
Oy M, 1 &y
(2 + (o

o1, 3. Ny oy

(11)
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TABLE 1. CoMPARISON OF PREDICTED VALUES OF Nyu/{Nwu)e FOR LaMINAR FrOW
ALONG A FraT PLATE

At Ngo = 0.6 At N = 2.0
Exact Equa- Exact Equa-
solu- tion Error, solu- tion Error,
n tion (1) % tion (1) %

0 100 100 — 100 1.00 —
03 130 126 —-3.1 129 122 5.5
06 193 199 32 182 183 0.5
0.8 3.01 3.18 55 275 2.86 3.8
0.9 4.55 476 46 405 4.22 4.3

The boundary conditions become

Aty, = 0: i, =0 (12a)

Aty, = c0: uy=U(x) I.=1 (12b)

Atz =0: w.=U,(0) I, =1 (12¢)
ny Oy

O == — —~——

N 0y,

w=0

Aty1 =0:

(12d)

Here the dependence of p, g, 6,,, and
k on pressure and temperature is neg-
lected.

From the complete analogy of Equa-
tions (9) through (12d) with Acrivos’
equations (1) through (4d) it follows
that the solutions for ® and II, are ana-
logous. His Equation (6) may then be
written in the following form, valid for
pure-fluid heat transfer or isothermal
diffusional transfer in steady laminar
flow:

NNu

V Nz,

in which Ny., A, and n are to be evalu-
ated for the governing transport pro-
cess. Thus one sees that an exact ana-
logy does exist between forced-convec-
tion heat transfer and diffusional trans-
fer, even at high mass transfer rates.

Equation (13) includes, as a special
case, the conditions for which Equa-
tion {2) was derived; hence Equation
(2) may be written in the more gen-
eral form:

Hm Ui
n->1 NpVl—-n= —o—"
\/f:l Uq, dx1

=F (A, %, n) (13)

Neo A
2(1+4)

in which the factor /1 — n has been
transposed to give a finite limit. A
similar generalization applies to Acrivos’
Equation (36); one simply replaces
Ns, by A and n4 by n and interprets
N¢. as a thermal or diffusional Grashof
number. Again the result is valid for
pure-fluid heat transfer or isothermal
diffusional transfer.

Several classes of problems exist for
which the assumed boundary condi-

(14)
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Athc= 100 AthC= <0
Exact Equa- Exact Equa-
solu- tion Error, solu- tion Error,
tion (1) % tion (1) %
1.00 1.00 — 1.00 1.00 —
1.29 1.04 —15 122 100 —18
163 118 —28 163 1.00 —61
2.3 143 —38 227 1.00 —56
3.1 1.81 —42 3.08 100 867

tions on t, vy, Iy, and ® can be super-
imposed. In such cases, with the added

restrictions that (/3'\,,_4 = é\,,,; and that
there is no heat of mixing, Equation
(13) applies exactly to simultaneous
heat and diffusional transfer. Equation
(14) can be so applied in the limit as
both n, and n.s approach unity. Solu-
tions for wider ranges of n, and nu.
are available for flat-plate flow and
stagnation flow (3, 4, 5, 6, 7, 8, 10),
and an extensive tabulation for other
wedge flows has recently been com-
pleted (12). These solutions can all be
analogously applied to the diffusional
transter of both components in a binary
system, with simultaneous heat trans-
fer (3,4, 8, 10, 12).

Further information on interfacial-
velocity effects is given in Reference 4.
There the exact results displayed in
Table 1 are more fully tabulated for
both positive and negative n, so that
mass transfer into or out of the stream
can be treated. The analogous problems
of diffusional transfer of both compo-
nents in a binary system, with simul-
taneous heat transfer, are included by
appropriate generalizations of the quan-
tities ny and n,,. Estimation procedures
for turbulent flow and multicomponent
systems are presented. These results
provide a simple and systematic ap-
proach to a variety of mass transfer
problems.
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NOTATION

A

C, = heat capacity of the fluid per
unit mass

Dux = diffusion coefficient in a bin-
ary fluid

k = thermal conductivity of the
fluid

L = characteristic length of the
surface

g = heat flux in y direction at the
interface

T = temperature
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u = x component of the local
fluid velocity

u, = u/U,

U, = characteristic velocity of the
fluid

U,(x,) = potential flow velocity dis-
tribution divided by U,

y component of the local
fluid velocity

(0/U.) V/Naze

velocity of the fluid through
the interface

distance along the interface
from the leading edge

x/L

distance from the interface
into the fluid

(y/L) \/Na,

weight fraction of the trans-
ferred species

weight fractions on the stream
side of the interface and at
Y, = oo, respectively

local Nusselt number based
on characteristic length L;
for diffusion Ny. = L{(98/
8Yy) |y and for heat transfer
NNu = L(aHT/ay)ly:O

A
Np. = Prandtl number, C,u/k
Nz. = Reynolds number, U,Lp/u

s 8
[l

%
fl

s =5 »
=
boown o

2
g
li

Ns, = Schmidt number, u/pDn

Greek Letters

® = (W - W)/ (W, —W,)

A = Np, for heat transfer or Nj,
for diffusion

11, = (T—-T,)/(T,—T.)

p = fluid density

I = fluid viscosity
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